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The plane problem of ultrasonic scanning of an acoustic medium through a two-layer plate at high frequencies is investigated. 
In passing, the problem of the localization of oscillations in the neighbourhood of the finite region where the load is applied in 
such a way as to eliminate the propagation of sonic energy along the plate is solve& The possibility of radiation patterns of acoustic 
pressure being formed in the acoustic medium is investigated by the stationary-phase method. The theory constructed is illustrated 
by a series of calculations for a steel-rubber-water system. © 2005 Elsevier Ltd. All rights reserved. 

The effect of the scanning of an acoustic medium through a solid wall (an elastic uniform or laminated 
plate) depends on a number of factors. For example, if oscillations of a plate-liquid system are excited 
by a harmonically varying normal pressure, distributed over a finite area S of the plate surface, not in 
contact with the liquid, then, since the plate is a waveguide, for high-frequency oscillations it is extremely 
probable that a considerable part of the energy supplied will propagate along the plate, In this case, 
even in ideal systems (ignoring internal losses in the plate material and in the liquid) scanning will not 
be effective. Hence, the problem arises of localizing the oscillations in the neighbourhood of the region 
where the external pressure is applied. This problem has been investigated in some detail for a uniform 
plate without a liquid [1] and for a uniform plate lying on the surface of a liquid [2], where the frequency 
of excitation of the oscillations is identical with one of the critical frequencies of the plate (the cutoff 
frequency). The effect of scanning is also determined by the radiation pattern of thesonic field in the 
liquid, which, for specified parameters of the plate, depends considerably on the amplitude distribu- 
tion of the pressure and the geometrical parameters of the region S. 

In this paper we consider the problem of the propagation and decay of waves in an elastic two-layer 
strip, lying on the surface of an ideal compressible liquid, we solve the problem of the localization of 
the oscillations and we investigate the radiation pattern of the acoustic pressure in the far field. 

1. F O R M U L A T I O N  O F  T H E  P R O B L E M  A N D  C O N S T R U C T I O N  O F  
T H E  S O L U T I O N  

We will consider the problem of the propagation of waves in a two-layer elastic strip, lying on the surface 
of an ideal compressible liquid. 

We choose a Cartesian system of coordinates xl, x2 such that S 1 --- {---oo < Xl < oo, 0 -< x 2 -< h i }  and 
S 2 = {_co < Xl < ~ ,  hi <x2 < h} are subregions of the composite strip, hi and he are the thicknesses 
of the layers and h = hi + h2. So = {_oo < xa < ~o, h <x2 < ~} is the region occupied by the liquid. 
We will denote by ~tj, vj, pj the shear modulus, Poisson's ratio and the density of the materials (j = 1, 
2, respectively); P0 is the density of the liquid and Co is the velocity of sound in the liquid. 
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Suppose the wave processes in the regions $1 w $2 w So are excited by normal stresses applied to  the 
facesx 2 = 0, and vary harmonically as exp(-imt). The problem reduces to finding solutions in the regions 
Sj of the equations of harmonic oscillations 

2 2 
XjOlUjl + (Zj -- 2gj)OlO2Uj2 + gj(~2Uj2 + OlO2Uj2) + Oj(O2Ujl = 0 

2 2 
Xj~IUj2 + ()~j-- 2~Lj)~I~2Ujl + ~j(~2Ujl + t)l~2Uj2) + pjO, I2Uj2 = 0 

(1.1) 

where Oj = O/~xj, uj are the projections of  the amplitudes of the displacement oscillations onto the xj 
axes respectively, Xj - 2gjvj/(1 - 2vj) and, in the region So, of the wave equation 

Aq)+k2~0 = 0, A = ~21-Sr~ ~ (1.2) 

for the following boundary conditions at the interfaces of the media 

x2; (~j12 = 0, (YjI2 = P-lg(Xl) (1.3) 

X 2 = h 1" Ulf~-u2~ = '0, ~11~ (Y21~ = 0 ,  13 = 1,2 (1.4) 

x 2 = h : - i 0 ) u 2 2 - t ) 2 q ~  = 0, 13222+ p = 0, (Y212 = 0 (1.5) 

Here 

I~j12 = ~Lj(OIRj2 + O2Ujl), ~j22 = )~jO2Uj2 + (Zj-- 2~[j)OlUjl 

p = -iPoCOqO 

are the amplitudes of the stresses and pressure in the liquid, respectively, and q0 is the amplitude of the 
velocity potential at points of the liquid medium. 

To construct the solution of the problem we will change to dimensionless coordinates { = xl/h, 
= x2/h and convert relations (1.1)-(1.5) using a Fourier transformation with respect to the variable 

~. We introduce the four-component vector 

Y j  = [Yjl, Yj2, Yj3, Yj4] 

: Yjl = U*l/h' Y j 2 = - i u ~ 2  [h' Yj3 = tY*12/gl' Yj4=-i13*22[~tl 

where 

f *  = 
1 

I f(~)exp(iT~)d~ 

In terms of Fourier transforms, taking into account the notation employed, we write the system of 
equations (1.1), the solution of Eq. (1.2), the boundary conditions (1.3) and the conditions of continuity 
(1.4) and (1.5) in the form 

i Yj = AjYj (1.6) 

qo*(~) = %exp[iqo( ~ -  1)1, qo = _y2 (1.7) 

Yl3(0) = 0, y14(0) = - ig*  (1.8) 

Y l ( ~ l )  = Y2(~I )  ' (1.9)  

= -elK2-1qo~l/o, Yj4(1) = i~2~¥o; q/o = ~ (1.10) YjI( 1 ) 
r~c o 
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where 

Aj  = 

1 
0 7 --6 0 

~tj 

~t2(kj 2 -  1) 0 0 1 o 
Pj I ~tj 

o 2 -2 _ n~] 0 0 7(1 - 2kj 2) l.tj[47 ( 1 - k j  
0 2 

0 -~tj f~  -7  0 

2 1 -- Vj 2 Pj (D2h2, [30 C0P0 ~ j ,  0 ~tj 
kj = 2-1-_-2v j, f~j - ~ e, = Pl' e2 = cltPl'-- cjt = ~9j  ~J = 

The prime denotes a derivative with respect to 4. 
Here f~ = f~l is the fundamental dimensionless frequency parameter and cyt is the velocity of transverse 

waves in the material of the j-component. 
We will construct an evolution operator of the system of differential equations (1.6), taking into 

account the interface condition (1.9). To do this we choose an arbitrary system of four linearly 
independent vectors of Eq. (1.6). We can take as such vectors 

Yjl  = [Tch (p j l  4), -Pi t  sh(Pj l  ~), 

Y j2 = [T sh (P jl 4), -P j l  ch(P j l  4), 

Y j3 = [-Pj2ch(Pj24),  T s h ( p j l 4 ) ,  

Y j4 = [-Pj2sh(Pj2~),  T c h ( p j l ~ ) ,  

2 ~'~j 2 2 
Pjl = 2 ' Pj2 = j 

kj 

0 0 2 
2~jTPj l  sh (P j l~ ) ,  I-tj(27 - ~ ) c h ( P j l ~ )  ] 

o o 2 ~ )  
2~tjTPjlCh(pjI~),  ~tj(2~/ - sh (P j l~ )  ] 

0 2 2 0 
- 2~jyPj2ch(Pj2~)] -Ixj(2T f~j)sh(pjl~),  

-g~(2T 2 - ~ ) c h ( p j , ¢ ) ,  21.t~Tpjzsh(Pj2¢)] 

We introduce the matrix operator functions Bj(4), the columns of which are the vectors Yjm (m = 
1, 2, 3, 4). W e  have 

Bj (~ )  = [Yj l ,  Yj2, Yj3, Yj4] 

We introduce the notation Bj0 = Bj(0), Vj = B~ 1 and construct the operator functions 

V)(¢) = Bjo(¢)V j 

Obviously Uj(0) = I, where I is the identity operator. 
We define the evolution operator as follows: 

=~u,(¢) for o<¢<_¢~ 
u(¢)  {u2(¢  _ ¢1)u1(¢1 ) for 

(1.11) 

The operator U(~) makes the vector Y(4) correspond to each vector Y0 = [Yl0, Y20, Y30, Y40], where 
Ymo = ym(0); the vector Y(4) satisfies Eqs (1.6) and the continuity condition (1.9). 

We will denote the elements of the matrices U(~) and U = U(1) by Umn(4) and Urn,, (m, n = 1, 2, 3, 4) 
respectively. Taking the notation employed and boundary conditions (1.8) into account we have 

Yo = [Ylo, Y2o, O, g*] 

where Yl0 and Y20 are arbitrary constants, while the interface conditions (1.10) take the form 
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U21Yl0 + U22Y20 = - U24g* - E l n-lqo~/o 

U31Ylo + U32Y20 -- -U31g*  

U41Ylo + U42Y20 = - U44g* + i~IE2~"~[/0 

Solving system of equations (1.12) forylo , Y20, q/0, we obtain 

Y~o = F-Jz~g *, z~ = qof[~o + iefa2f~j, 

Wo = e-lIF-If~fg *, F = qoF°-ief22F I, 

1 3 = 1 , 2  

C o 

Clt 

F ° = U31U42- U32U41, 

f lo = U32U44- U34U42, 

f20 = U34U41 - U31 U44, 

F 1 = U31U22-U32U21 

f l l  = U32U24-U22U34 

f21 = U21 U34 - U31 U24 

f = U34(U21 U 4 2 -  U22U41 ) - U44(U21 U 3 2 -  U22U31 ) 

(1.12) 

(1.13) 

The components of the displacement vector of the points of the plate and the pressure in the liquid 
can be represented in the form of the following integrals 

. . .m-, h ~t Um(5,.Y!g.exp(iT~)d.[ ' m 1 , 2  (1.14) Um(~, 4) = (t) -~ j F(y) 

P(~, 4) = ~ ~ (F~J-y))g*exp[iqo(4 - 1)]exp(iy~)d7 (1.15) 

P0 = E~I ~'~2' Um(4, 7) = Zl Uml(4)  + Z2Um2(4) + Urn3(4) 

2. C R I T I C A L  F R E Q U E N C I E S  AND M O D E S  OF 
A T W O - L A Y E R  S T R I P  

A general theory of the definition of critical frequencies and the modes corresponding to them in the 
case when the elastic characteristics of the plate are arbitrary piecewise-continuous functions of the 
transverse coordinate has been given in [3, 4]. The results described in these papers are obtained in a 
somewhat different form below for a two-layer strip, the faces of which are stress-free. 

Thus, in the region S o = $1 u $2 we consider Eqs (1.1) with the homogeneous boundary conditions 

X 2 = O: Iffjl 2 = O, (~j12 = O; X 2 = h: (Ijl  2 = O, ~j12 = 0 (2.1) 

and the continuity conditions (1.4). 
After changing to dimensionless coordinates and separating the variables, we obtain the following 

two-parameter eigenvalue problem 

Y~ = A j( T, n ) Y j  (2.2) 

yl3(0) = 0, y14(0) = 0, y13(1) = 0, yl4(1) = 0 

Using the evolution operator (1.11), to construct non-trivial solutions we obtain the dispersion 
equation 

F°Cv, n )  = 0 (2.3) 
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We will call the quantities ~( and f~ for which Eq. (2.3) is satisfied a spectral pair (~/, f~). Those values 
of ~ = Dc for which Eq. (2.3) has multiple roots T¢ will be called critical values. We will call the spectral 
pair (~'c, f~c) a critical pair. 

It is well known [5, 6], that ~{c = 0 is a multiple eigenvalue. As a rule, the multiplicity is equal to 2, 
but for certain values of the parameters the multiplicity may be equal to 4 [4, 7]. 

Substituting ~' = 0 into Eq. (2.3), we obtain 

F° (0 ,~)  = DI(g~)D2(~ ) = 0 (2.4) 

where 

D I ( ~  ) = cos(~z~)sin(m,~2~) + Kts in (~ )cos (mt~2~)  

D 2 ( ~  ) = c o s ( m l t ~ l ~ ) s i n ( m 2 l ~ 2 ~ )  + K t s i n ( m l l ~ l ~ ) c o s ( m 2 1 ~ 2 D )  

]~ j  Cl tP l  Cl lP l  C lt C lt C2t 
= , Kt = , K 1 = ~ m t = - - ,  roll = - - ,  m21 = - -  

Cjl I~ p j  C2tP2 C2/P2' C2t Cll C2I 

The parameters ~:t and v4 represent the ratio of the wave impedances of the transverse and longitudinal 
waves respectively. 

The zeros of the functions DI (~  ) and D2(f~ ) will be called critical frequencies of the first and second 
kinds respectively and we will denote them by f~v and f~Zr (r = 1, 2, ...). 

We will denote the eigenvector corresponding to the critical spectral pair by yo = {y1 O, Y2},° 
0 0 0 0 0 Yj = [Yjl, Yj2, Yj3, Yj4]. Its j-components have the following structure: yO = [y01, O, O, Y~4] for f21r and 
0 0 0 = Yj = [ O, Y j2, Yj3, 0] for ~2r. Since Tc 0 is a multiple eigenvaiue, it is possible for an associated vector 

y1 = {y~, y21} to exist, the j-components of which are defined by the solution of the inhomogeneous 

problem 

I t  1 0 
Y j  = A j (O ,  ~-~c)Yj + Y j  (2.5) 

I 1 1 
yJ3(O) = O, Yj4(O) = O, Yj3(1)  = O, y j 4 ( 1 )  = 0 

1 [0 1 1 01for alr and Y} = [y}1, O,O, yj141forazr. and have the following structure: Yj = Yj2, Yj3, 
If the integral 

1 

d = IY 1 • JY°d~ ~= 0 (2.6) 

o 

where 

J = I:oijl 
(0 is the null matrix and I is the 2 × 2 identity matrix), no other associated vectors exist. In this case 
the initial problem (1.1), (2.1) has two elementary solutions: 

When f~ = [21r 
0 0 0 1 . 0 . 1 . 1 0 

Wj = [Yj l ,  O, O, Yj4], Wj = [ l~Yj l ,  lYj2 ,1Yj3, - -~Yj4]  (2.7) 

When f~ = ~'-~2r 

0 0 0 1 1 0 . 0 . 1 
= l ~ Y j 3 , / Y  j4] Wj [0, Yj2' Yj3' 0] ,  Wj = [YjI '  --~Yj2' (2.8) 

o The elementary solution wj describe thickness resonances (longitudinal and transverse). The 
elementary solutions w), as follows from expressions (2.7) and (2.8), increase without limit as ~ --> + ~, 
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which is a consequence of the assumption that the materials of the strips have ideal elasticity and there 
is no radiation of energy through the faces by virtue of the assumed boundary conditions (2.1). 

Note that condition (2.6) is equivalent to the condition 

F?rt(0, f~c) ~ 0 (2.9) 

I fd  = 0, there are at least two other associated vectors (2.3) ys = {y~, y~} (s = 2, 3), the j-components 
of which are defined by the solution of the non-homogeneous problems 

st s s -  1 
Yj = Aj(O, ~ c ) Y j  + Y j  

$ $ 
Yj3(0) = 0, y~4(0) = 0, Yj3(1) = 0, y~4(1) = 0 

In this case there are two other pairs of elementary solutions with a higher-power increase [4, 7]. 
Note that the resonance modes do not transfer energy along the strip, since their specific energy flux 

through the transverse cross section of the strip, averaged over a period, is equal to 

ihl l l{° t  0 o 0 o 
e°(w°) = ~ j w  .Jw°d~ = O, w = {wl, w2} 

0 

This property of resonance modes, as will be seen later, turns out to be important in the problem of 
localizing the oscillations in the neighbourhood of the finite region in which the external load is applied 
(Y1221~ = 0 = P ' l g ( ~ ) "  

To conclude this section we note that, for each resonance frequency, Eq. (2.3) has finite number of 
2N real roots ~ = ---an (n = 1, . . . ,  N; an > 0) and a denumerable symmetrical set of complex roots 
~/k. It is well known [7, 8], that the energy fluxes of modes corresponding to the real roots (uniform 
modes) are non-zero, while the energy fluxes corresponding to the complex roots (non-uniform modes) 
equal zero. Hence, only uniform modes are "responsible" for the transfer of energy in an unbounded 
waveguide. 

3. Q U A S I C R I T I C A L  AND Q U A S I U N I F O R M  MODES AND 
THE L O C A L I Z A T I O N  OF O S C I L L A T I O N S  

We now return to the initial problem. We will assume that the amplitude of the pressure gig({), specified 
when ~ = 0, is non-zero in the region --a < { < a. Before analysing the integral representation of solution 
(1.14) we will first investigate the equation 

F(~, ~ )  = qo F ° -  iE~ZF 1 = 0 (3.1) 

on the assumption that the parameter e ~ 1. In this case the distribution of the roots of this equation, 
knowing the distribution of the roots of Eq. (2.3), can be determined by methods of perturbation theory. 

Suppose ~) = f~c. In this case Eq. (3.1) has multiple wave numbers % = 0 only when f~c = f~lr, since 
an ideal liquid has no effect on the longitudinal oscillations of the strip, which is also confirmed by an 
analysis of Eq. (3.1). When ~c = f~Zr the multiplicity is lost, and for small e a pair of complex wave 
numbers appears (in the case of a multiplicity of 2) of the form 

~/0 = -I'el/2ll3{0l l/Z( 1 + isign~0) + O(e 3/2) 

2 , f~c)/F?rt(O, ac) (3.2) c% = -qoDc F (0, 

These wave numbers will be called quasi-critical wave numbers, and the corresponding modes will 
be called quasi-critical modes. The approximate numerical values, determined from formula (3.2), can 
easily be refined by numerical methods. It follows from formula (3.2) that quasi-critical modes of this 

1/2  kind are decaying modes with a decay coefficient proportional to e . 
Unlike quasi-critical modes, quasi-uniform modes, which occur as a result of perturbation of uniform 

modes, decay much more slowly. The wave numbers corresponding to them for small e are given by 
the following analytical expressions 
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+ . 2 l ~c)lF~'l( O' ~-~c) "t" O(E 2) 7n = + 0~,, g: tEf~cF (0, (3,3) 

It can be seen from (3.2) and (3.3) that, of the pair of quasi-critical wave numbers, one has a positive 
imaginary part, while the second has a negative imaginary part; the set ~ has similar properties. 
Henceforth 7 + (n = 0, 1 . . . . .  N) denotes that ImT~ + > 0. Similar notation is also used for the remaining 
roots of Eq. (3.1), which tend to the complex roots of Eq. (2.3) as e ~ 0. 

Suppose f~ = ~22r. Consider an arbitrary field characteristic, for example, u2. We will transform the 
integral on the right-hand side of Eq. (1.14) using the theory of residues. Taking into account the fact 
that the integrand has a branching point 7;  = ---~2/0 for ~ >_ a, w e have 

u2 ~_. 'J2tg, ) C , n e x p ( i v + ~ ) + ~ V 2 ( ~ , V k ) _ ,  + = + C'kexp(iTk~) + g * e x p ( i g ~ ) d y  
.=0 F,~(7.) k F,-/(Yk) r + 

(3.4) 

a 

' 

Cp = g exp(-t~/. , 

- a  

p =  n , k  

where F* is a contour in the form of a loop departing to infinity, situated in the right half-plane with 
vertex at the point 7 = 7* + [8]. Since, as e --~ 0 the integral along the loop vanishes, then, as follows from 
formula (3.4), to localize the oscillations in the neighbourhood of the application of the load, it is 
sufficient to choose the function g(~) such that Cn = 0 (n = 1, . . . ,  N), i.e. in other words, the quasi- 
uniform modes are "cut-off". Obviously such a problem has a non-unique solution and allows off a 
certain freedom of choice of the function g({) for controlling the directional characteristics of the Sound 
field in the liquid. 

In this investigatiOn we sought the load in the form 

g(~)  = go 1+ li~ 2i 
i = 1  

(3.5) 

The coefficients l i were determined by solving the algebraic system which arises from the conditions 

a 

Cn = I c ° s (o tn~)g (~)d~  = O, n = 1 . . . . .  N (3.6) 
- a  

The replacement of the conditions C" = 0 (n = 1 . . . . .  N) by the conditions (3.6) for small e has little 
effect on the final results, but leads to an algebraic system with real coefficients. 

4. T H E  D I R E C T I V I T Y  C H A R A C T E R I S T I C  

To construct the directivity characteristic of the pressure field in the far-field region we turn to formula 
(1.15). 

Using the replacement 

= p COSt:, 

we convert the integral to the form 

where 

u ( 7 )  = - -  

= l + p s i n x ,  "c~ (0, x), p e  (0 ,~)  

p ( p ,  x )  = 

e ~  

I U ( 7 ) e x p [ i p K ( y ,  "O]dy (4.1) 

Po f ( Y ) g , ,  ycos/ : -  ~/y, - 7  smx 2xiF(y  ) K(Y, "0 = 2 2 . 
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Using the stationary-phase method [9], we determine the point Y~t, at which the phase takes a stationary 
value. We have 

~'s, = - ~ 2 , 1  cos  x l /o  (4.2) 

Converting expression (4.1), taking expression (4.2) into account, we obtain an asymptotic formula for 
calculating the sound pressure 

p(p, z) = [2n~2ru(" ff22rlC°sxh . f iP~2r in'~ 
~/ p0 \ 0 ") slnxexp~- "-"if-- + ~ )  + O(p-l) (4.3) 

We also obtain a formula for constructing the directivity characteristic 

I U(-~'~2r [cOsq:[)/O . 
d(~) = 8.68591n P(P'~) = 8.68591n U(O) smx 

p(p, ~/2) 
(4.4) 
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5. T H E  R E S U L T S  O F  C A L C U L A T I O N S  

We will p resen t  some  results of  a numer ica l  investigation of  the p rob lem.  Calculat ions were  carr ied 
out  for  a s tee l - rubber-water  system with the  following values of  the p a r a m e t e r s  

h = 4 .  10 -3 m, h 1 = h 2 = 2-  1 0  -3  m ,  I t  I - -  7.84-  10 l° N/m 2, [.t 2 = 3.92 • 1 0  9 N/m E, 

v I = 0.29, v z = 0.45, Pl = 7 .18 .103  kg/m 3, 92 = 2 . 1 0 3  kg/m 3, 

I% = 103 kg/m3, Co = 1490 m/s, a = 6 

and for  the first critical f r equency  f~21 = 2.3845. Then  the wave number s  of  the quasi-critical modes  
are 

~/c = :t: 0.1794 + 0.1823i 

the wave number s  of  the un i fo rm modes  when  there  is no liquid are 

a l  = 2.631, az  = 2.903, ot 3 = 5.546 

and the wave  number s  of  the quas i -uni form modes  are 

+ + + 
"/I = q: 2.633 + 0.0403i, Tz = :t: 2.902 + 0.0106i, )'3 = q: 5.547 + 0.0298i 

T h e  imaginary  par ts  Yc, ~ clearly il lustrate the difference in the  rates  of  decay of  the quasi-critical 
and quas i -uni form modes .  No te  that,  in this p roblem,  the decay of  the chosen modes  is due to radiat ion 
of  sonic energy into the semi -bounded  acoust ic  m e d i u m  (into the water) .  

In Fig. 1 we show a graph  of  the distr ibution of  the ampl i tude  of  the external  pressure  g({) (we have 
used the normal iza t ion  I ~g({ )d~  = 1), for  which the ampl i tudes  of  the un i fo rm modes  in the regions 
I~1 -> a are equal  to zero.  

In  Fig. 2 we show graphs of  I u22(~, 1) [; the cont inuous curve cor responds  to the pressure  distribution 
g(~) and illustrates the localization of  the oscillations in the ne ighbourhood  of  the region where  the  
external  load is applied,  while the dashed  curve represents  the pressure  distr ibution g0(k ) = 0.08333 

( l~ l  < a ) -  
In  the right u p p e r  par t  of  Fig. 2 we show the directivity characterist ic  of  the pressure  field in the far- 

field zone,  cor responding  to the pressure  distr ibution g({) when  f~ = ~~21 ( the cont inuous  curve) and 
the pressure  distr ibution g0({) = 0.08333 (1~1 --- a) ( the dashed  curve). It  can be  seen that  in the first 
of  these cases the oscillations in the liquid are localized along the vertical  axis and have the fo rm of  a 
highly direct ional  beam.  
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