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The plane problem of ultrasonic scanning of an acoustic medium through a two-layer plate at high frequencies is investigated.
In passing, the problem of the localization of oscillations in the neighbourhood of the finite region where the load is applied in
such a way as to eliminate the propagation of sonic energy along the plate is solved. The possibility of radiation patterns of acoustic
pressure being formed in the acoustic medium is investigated by the stationary-phase method. The theory constructed is illustrated
by a series of calculations for a steel-rubber-water system. © 2005 Elsevier Ltd. All rights reserved.

The effect of the scanning of an acoustic medium through a solid wall (an elastic uniform or laminated
plate) depends on a number of factors. For example, if oscillations of a plate-liquid system are excited
by a harmonically varying normal pressure, distributed over a finite area S of the plate surface, not in
contact with the liquid, then, since the plate is a waveguide, for high-frequency oscillations it is extremely
probable that a considerable part of the energy supplied will propagate along the plate, In this case,
even in ideal systems (ignoring internal losses in the plate material and in the liquid) scanning will not
be effective. Hence, the problem arises of localizing the oscillations in the neighbourhood of the region
where the external pressure is applied. This problem has been investigated in some-detail for a uniform
plate without a liquid [1] and for a uniform plate lying on the surface of a liquid [2], where the frequency
of excitation of the oscillations is identical with one of the critical frequencies of the plate (the cutoff
frequency). The effect of scanning is also determined by the radiation pattern of the-sonic field in the
liquid, which, for specified parameters of the plate, depends considerably on the amplitude distribu-
tion of the pressure and the geometrical parameters of the region S.

In this paper we consider the problem of the propagation and decay of waves in an elastic two-layer
strip, lying on the surface of an ideal compressible liquid, we solve the problem of the localization of
the oscillations and we investigate the radiation pattern of the acoustic pressure in the far field.

1. FORMULATION OF THE PROBLEM AND CONSTRUCTION OF
THE SOLUTION

We will consider the problem of the propagation of waves in a two-layer elastic strip, lying on the surface
of an ideal compressible lquid.

We choose a Cartesian system of coordinates xy, x, such that §; = {— < x; < e, 0<x, <h;} and
Sy = {—e0 < X{ < oo, hy <x, < h} are subregions of the composite strip, #; and &, are the thicknesses
of the layers and 4 = hy + hy. Sy = {—e0 < X; < 0o, h <X, < oo} is the region occupied by the liquid.
We will denote by W, v;, p; the shear modulus, Poisson’s ratio and the density of the materials (j = 1,
2, respectively); py is the density of the liquid and ¢ is the velocity of sound in the liquid.
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Suppose the wave processes in the regions S, U §; U S are excited by normal stresses applied to the
facesx, = 0, and vary harmonically as exp(—iw¢). The problem reduces to finding solutions in the regions
S; of the equations of harmonic oscillations

xjafuﬂ+(xj—2pj)8182uj2+uj(a§uj2+alazuj2)+pjm2uj, =0 W
1.1

x,afujz + (xj—Zuj)a,azuj, + uj(aiu,, +a,a2uj2) + pjcozuj2 =0

where d; = 9/dx;, u; are the projections of the amplitudes of the displacement oscillations onto the x;
axes respectively, x; = 24,v/(1 ~ 2v;) and, in the region Sy, of the wave equation

A<p+k(2)(p =0, A= af+a§ (1.2)

for the following boundary conditions at the interfaces of the media

X: 0, = 0, Oy = Wyg(xy) )
' x2 - hl: ulB"‘u2B = ‘0, ‘GIIB—‘_GZIB =>07 B = 1,2 ' 7 . (1.4)
X, = hi—i0uy—0,0 =0, Gyy+p =0, G,,=0 ‘ (1.5)

Here
Gip = uj(alujZ + aZ"jl)’ O = Xjaz.“jz +(X;— 2”,')81“]'1
p = Py
are the amplitudes of the stresses and pressure in the liquid, respectively, and ¢ is the amplitude of the
velocity potential at points of the liquid medium.
To construct the solution of the problem we will change to dimensionless coordinates & = x,/h,

{ = x,/h and convert relations (1.1)-(1.5) using a Fourier transformation with respect to the variable
€. We introduce the four-component vector

Y = Y6 Y Y Vjal
yjl = u;kl/h, yj2 = ‘lu;l;/h, yj3 = G;FIZ/IJ'I’ yj4 = —16;!(22/“.1
where

Y PN
f = Eif(a)exp(w;)d&

In terms of Fourier transforms, taking into account the notation employed, we write the system of
equations (1.1), the solution of Eq. (1.2), the boundary conditions (1.3) and the conditions of continuity
(1.4) and (1.5) in the form ,

Y; = A)Y; - (16)
2
0*(8) = goexpligg(E-1)I, go = %'Yz (1.7)
yi3(0) = 0, y,(0) = —ig* (1.8)
Y, (§) = Yo(&)) - l (1.9)
Po

yp(l) = -£,Q" 90¥o, yia(1) = i6,Qup; Yy = e (1.10)
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where
0 Y L 0
H;
A = Y- 0 0 L
i Pjil;
W4y’ (1 -k - Q] 0 0 y(-2k)
0 W -y 0

2,2
l-v, p;0°h p Cop /u- 0o _ M
2 2 0 oro
ki =2 LoQ = , B ==, & =——, ;= [, p=
J 1-2v; 4 u; : Py 2 C,Py 7 P; i My

The prime denotes a derivative with respect to (.

Here Q = Q, is the fundamental dimensionless frequency parameter and c;, is the velocity of transverse
waves in the material of the j-component.

We will construct an evolution operator of the system of differential equations (1.6), taking into
account the interface condition (1.9). To do this we choose an arbitrary system of four linearly
independent vectors of Eq. (1.6). We can take as such vectors

Y;; = [ych(p;8), -p; sh(p;C), 2”?ij15h(pj1C), u?(Z’Yz—-QIZ-)ch(ple)]

Y, = [ysh(p;8).-p;ich(p;0), ZH?YPjICh(PﬂC), H?(Z'YZ-QJZ')Sh(PﬂC)]

Y3 = [-pjch(po0), vsh(pj£), 112" - QD) sh(p,10), 21)7p 2¢h (p50)]

Y,y = [-ppsh(po8), voh(p;, ), -1 (2Y° ~ @) ch(p;1 ), 2157p 25h(p 0)]
Q2

pPji = 72_‘_21’ Pjp = 'VYZ—QJZ'

k]

We introduce the matrix operator functions B;({), the columns of which are the vectors Y;,, (m =
1,2, 3, 4). We have

BiO) = [Y;, Y, Y5, Yl

We introduce the notation By, = B;(0), V; = Bﬁ)l and construct the operator functions
U0 = B,x(DV;

Obviously U(0) = I, where I is the identity operator.
We define the evolution operator as follows:

U,(§) for 0<C<;

v = {Uz(c—c,)vmcl) for §,<(<1 (L1

The operator U({) makes the vector Y({) correspond to each vector Yy = [y10, Y20, Y30, Yao), Where
Ymo = Ym(0); the vector Y() satisfies Eqs (1.6) and the continuity condition (1.9).

We will denote the elements of the matrices U({) and U = U(1) by U,,,,({) and U,,,,, (m,n = 1,2, 3, 4)
respectively. Taking the notation employed and boundary conditions (1.8) into account we have

Yo = [Yip Y20 0, 871

where yqo and y,g are arbitrary constants, while the interface conditions (1.10) take the form
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Upyi+ Unyp = - Uug*- ‘519_1‘10‘4’0
Usiyio+ Usyy = -Us8* (1.12)
Unyio+ Ugpyin = - Uyg* +in,8,Qy,

Solving system of equations (1.12) for y;q, ¥20, Wg, We obtain

~1 s 2
ypo = F 238* 23 = qofpo+ieQd fp, B =1,2

Y, = s}'F"'Qfg*, F = qOFO—iaQZFl, g=20
1t

0 1
F' = Uy Up-UnUy, F = U Uy-UsnUy,
Fro = UpUyu-Uy Uy, [y = UpUp - UpUsy,

a0 = UUsy = U3 Uy, [ = Uy Uz — Uy Uy

(1.13)

f= U34( U21 U42 - U22 U4l) - U44(U21 U32 - U22U3l)

The components of the displacerﬁent vector of the points of the plate and the pressure in the liquid
can be represented in the form of the following integrals

m— U
&0 = 0" mo D prexp(n)dr, m = 1,2 (114)
&Y = 22 j LG Dgwexpliay(C - Dlexp 1)y (1.15)

Po = e Q% Un(G7) = U () + 25Upp(0) + Uy (D)

2. CRITICAL FREQUENCIES AND MODES OF
A TWO-LAYER STRIP

A general theory of the definition of critical frequencies and the modes corresponding to them in the
case when the elastic characteristics of the plate are arbitrary piecewise-continuous functions of the
transverse coordinate has been given in [3, 4]. The results described in these papers are obtained in a
somewhat different form below for a two-layer strip, the faces of which are stress-free.

Thus, in the region S° = §; U S, we consider Egs (1.1) with the homogeneous boundary conditions

and the continuity conditions (1.4).
After changing to dimensionless coordinates and separating the variables, we obtain the following
two-parameter eigenvalue problem

2.2
y13(0) = 0, y,4(0) =0, y;3(1) =0, yu(l)=0 2)

Using the evolution operator (1.11), to construct non-trivial solutions we obtain the dispersion
equation

F(1,Q) =0 (2.3)
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We will call the quantities y and Q for which Eq. (2.3) is satisfied a spectral pair (y, Q). Those values
of Q = Q. for which Eq. (2.3) has multiple roots v, will be called critical values. We will call the spectral
pair (y,, £2.) a critical pair.

It is well known [5, 6], that v, = 0 is a multiple eigenvalue. As a rule, the multiplicity is equal to 2,
but for certain values of the parameters the multiplicity may be equal to 4 [4, 7].

Substituting v = 0 into Eq. (2.3), we obtain

F(0,Q) = D,(Q)D,(Q) = 0 (2.4)
where

D(Q) = cos(§;Q)sin(m,{,Q) + K, sin(§,Q)cos (m,L,Q)

Dy(Q) = cos(m,§ ,Q)sin(m,,5,Q) + x;sin(m,, L, Q) cos(m,,L,02)

{x- €1,Py C1iPy Cyy €y c
le= p—'l,](z———- K = — m:——’m=—t’ ml=—2'

t ’ 1 ’ t 11 2
j €y,P2 €21P2 Co Cu 2]

The parameters , and k; represent the ratio of the wave impedances of the transverse and longitudinal

waves respectively.
The zeros of the functions D;(Q) and D,(€2) will be called critical frequencies of the first and second
kinds respectively and we will denote them by Q;, and Q,, (r = 1,2, ...).

We will denote the eigenvector corresponding to the critical spectral pair by Y = {Y} Y},
Y}) = [y?l, y?2, y?3, y?4]. Its j-components have the following structure: Y}) = [y?l, 0,0, y?4] for Q,, and
Y? = [0, y?z, y%, 0] for Q,,. Since v, = 0 is a multiple eigenvalue, it is possible for an associated vector
Y! = {Y}, Y3} to exist, the j-components of which are defined by the solution of the inhomogeneous
problem

Ir 1 0
Y, = A0, Q)Y;+Y;

t 1 1 1 (25)
yj3(0) = 0, yi(0) =0, y;(1) = 0, yu(l) = 0
and have the following structure: le- = [0, yjl-z, y}3, 0] for Q,, and le- = [y}l, 0,0, y]1-4] for Q,,.
If the integral
1
d = [Y'JY'dg=0 (2.6)
. .
where
10

(0 is the null matrix and I is the 2 x 2 identity matrix), no other associated vectors exist. In this case
the initial problem (1.1), (2.1) has two elementary solutions:
When Q = Q,
0 0 0 1 . L1
W, = [)’jp 0,0, )’j4]» w; = [lé)’?p l}’,l'z, l)’jl'3a —é)’?ﬂ 2.7
When Q = er
0 0 .0 1 1 0 . 0 .1
Wi =10,y 55301, W; = [y, =8y i8y;3, iyj4] (2.8)

The elementary solution w? describe thickness resonances (longitudinal and transverse). The
elementary solutions w}, as follows from expressions (2.7) and (2.8), increase without limit as & — = eo,
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which is a consequence of the assumption that the materials of the strips have ideal elasticity and there
is no radiation of energy through the faces by virtue of the assumed boundary conditions (2.1).
Note that condition (2.6) is equivalent to the condition

Fo(0,9,)#0 _ (2.9)

If d = 0, there are at least two other associated vectors (2.3) Y* = {Y], Y3} (s = 2, 3), the j-components
of which are defined by the solution of the non-homogeneous problems

51 s s—1
Yj = Aj(O, Qc)Yj+Yj

Y;3(0) = 0, y4(0) = 0, yi(1) =0, yi,(1)=0

In this case there are two other pairs of elementary solutions with a higher-power increase [4, 7).
Note that the resonance modes do not transfer energy along the strip, since their specific energy flux
through the transverse cross section of the strip, averaged over a period, is equal to

1
ihp,
Po(wo) = —-—%LJ'WO-ondC =0, w = {w‘l), wg}
0

This property of resonance modes, as will be seen later, turns out to be important in the problem of
localizing the oscillations in the neighbourhood of the finite region in which the external load is applied
O1lg=0 = 1ig()- ,

To conclude this section we note that, for each resonance frequency, Eq. (2.3) has finite number of
2N real roots oy = *0, (n = 1, ... , N; o, > 0) and a denumerable symmetrical set of complex roots
Ye- It is well known [7, 8], that the energy fluxes of modes corresponding to the real roots (uniform
modes) are non-zero, while the energy fluxes corresponding to the complex roots (non-uniform modes)
equal zero. Hence, only uniform modes are “responsible” for the transfer of energy in an unbounded
waveguide.

3. QUASICRITICAL AND QUASIUNIFORM MODES AND
THE LOCALIZATION OF OSCILLATIONS

‘We now return to the initial problem. We will assume that the amplitude of the pressure 1,g(£), specified
when { = 0, is non-zero in the region — < £ < a. Before analysing the integral representation of solution
{1.14) we will first investigate the equation

F(Y,Q) = q,F - ieQ*F' = 0 (3.1)

on the assumption that the parameter £ < 1. In this case the distribution of the roots of this equation,
knowing the distribution of the roots of Eq. (2.3), can be determined by methods of perturbation theory.

Suppose Q = Q,. In this case Eq. (3.1) has multiple wave numbers vy, = 0 only when Q, = Q,,, since
an ideal liquid has no effect on the longitudinal oscillations of the strip, which is also confirmed by an
analysis of Eq. (3.1). When Q. = Q,, the multiplicity is lost, and for small € a pair of complex wave
numbers appears (in the case of a multiplicity of 2) of the form

* 172

Ve = +e 172

|otg| (1 + isignag) + O(e™)

(3.2
ty = ~qoUF (0, 2)/F (0, ) (32
These wave numbers will be called quasi-critical wave numbers, and the corresponding modes will
be called quasi-critical modes. The approximate numerical values, determined from formula (3.2), can
easily be refined by numerical methods. It follows from formula (3.22 that quasi-critical modes of this
kind are decaying modes with a decay coefficient proportional to ',
Unlike quasi-critical modes, quasi-uniform modes, which occur as a result of perturbation of uniform
modes, decay much more slowly. The wave numbers corresponding to them for small € are given by

the following analytical expressions
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¥, = to, FieQF (0, Q)/Fy(0,Q,) + O ‘ (3.3)

It can be seen from (3.2) and (3.3) that, of the pair of quasi-critical wave numbers one has a positive
imaginary part while the second has a negatlve imaginary part; the set y, has similar propertles
Henceforthy} (n = 0,1, ..., N) denotes that Imy; > 0. Similar notation is also used for the remaining
roots of Eq. (3.1), Wthh tend to the complex roots of Eq. (2.3) as e — (.

Suppose Q = Q,,. Consider an arbitrary field characteristic, for example, u,. We will transform the
integral on the right-hand side of Eq. (1. 14) using the theory of residues. Taking into account the fact
that the integrand has a branching point yx = =Q,/6 for & 2 a, we have

Uy(&, Yn U@, Yk) Uy&G,v )
Uy = 1,8 + Xp (73 &) + grexp(iy§)dy  (34)
2 nzo F (,Y ) 2 ,'Y('Yk) k J. F(Y)

= Je®)exp(-iv,8)dE. p = nk

—-a

where I'* is a contour m the form of a loop departing to infinity, situated in the right half-plane with
vertex at the point y = % [8]. Since, as € — 0 the integral along the loop vanishes, then, as follows from
formula (3.4), to localize the oscillations in the neighbourhood of the application of the load, it is
sufficient to choose the function g(§) such that C;, = 0 (n = 1, ..., N), i.e. in other words, the quasi-
uniform modes are “cut-oft”. Obviously such a problem has a non-unique solution and allows off a
certain freedom of choice of the function g(§) for controlling the directional characterlstlcs of the sound
field in the liquid.
In this investigation we sought the load in the form

N :

v 2i

8(€) = 80(1 + Zlig ] (3.5)
i=1

The coefficients /; were determined by solving the algebraic system which arises from the conditions

a

C, = J‘cos(ana)g(g)dg =0, n=1,.,N - (3.6)

-a

The replacement of the conditions C;, = 0 (n = 1, ... , N) by the conditions (3.6) for small € has little
effect on the final results, but leads to an algebraic system with real coefficients.

4. THE DIRECTIVITY CHARACTERISTIC

To construct the directivity characteristic of the pressure field in the far-field region we turn to formula
(1.15).
Using the replacement

€ =pcost, { =1+psint, 1€ (0,7), pe (0,)
we convert the integral to the form

p(p. 1) = [ UM explipK(y, D)ldy (4.1)

—oo

where

Uy) = zprf {,g(ig ., K(Y,T) = YcosT - Aya -y sint
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Using the stationary-phase method [9], we determine the point y,, at which the phase takes a stationary
value. We have

Yo = —€2,,|cosT|/0 4.2)

Converting expression (4.1), taking expression (4.2) into account, we obtain an asymptotic formula for
calculating the sound pressure

_ [2mrQ,, ¢ Q,,|cosT] ipQ 2,
pp,7) = / 56 U( ) )s xv( m )+O(p ) (4.3)

We also obtain a formula for constructing the directivity characteristic

U(-,,|cosT])/0

d(t) = 8.6859In P(P’T)’ 868591! 20 m’ (4.4)

p(p,m
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5. THE RESULTS OF CALCULATIONS

We will present some results of a numerical investigation of the problem. Calculations were carried
out for a steel-rubber-water system with the following values of the parameters

h=4-10%m, h =hy=2-10%m, p,=7.84-10"° N/m?, p,=3.9210° N/m?,
v, =029, v,=045 p =7.18-10° kgm’, p,=2-10° kgm’,
po = 10° kg/m?, cy=1490 m/s,a=6

and for the first critical frequency €,; = 2.3845. Then the wave numbers of the quasi-critical modes
are

Y. = $0.1794 £ 0.1823i

the wave numbers of the uniform modes when there is no liquid are

= 2631, a, = 2903, a; = 5.546
and the wave numbers of the quasi-uniform modes are
yE = $2.633+£0.0403i, v, = $2.902£0.0106i, 7; = F5.547+0.0298i

The imaginary parts v, ¥, clearly illustrate the difference in the rates of decay of the quasi-critical
and quasi-uniform modes. Note that, in this problem, the decay of the chosen modes is due to radiation
of sonic energy into the semi-bounded acoustic medium (into the water).

In Fig. 1 we show a graph of the distribution of the amplitude of the external pressure g(§) (we have
used the normalization [ %,g(€)d€ = 1), for which the amplitudes of the uniform modes in the regions
|€| = a are equal to zero.

In Fig. 2 we show graphs of |u,(E, 1)[; the continuous curve corresponds to the pressure distribution
g(&) and illustrates the localization of the oscillations in the neighbourhood of the region where the
external load is applied, while the dashed curve represents the pressure distribution g0(€) = 0.08333
(gl = a).

In the right upper part of Fig. 2 we show the directivity characteristic of the pressure field in the far-
field zone, corresponding to the pressure distribution g(€) when Q = Q,; (the continuous curve) and
the pressure distribution g%(€) = 0.08333 (|&| < a) (the dashed curve). It can be seen that in the first
of these cases the oscillations in the liquid are localized along the vertical axis and have the form of a
highly directional beam.
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